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Duration: 120 minutes Total marks: 40
Justify all your answers

1. Let f(z) =323 — 2271 =1,2> 0.

(a) Show that f is one-to-one on (0, 00). [1 mark]
(b) Find the domain and range of f~'. [1 mark]
(c) Find (f71)/(0). [2 marks]
2. Consider f(z) = (1 — z)(3=+Y),
(a) Find the domain of f. [1 mark]
(b) Find f'(1/2). [2 marks]
3. Find the value of a.> 0'for which Jim (z g i) =9, [4 marks
4. Evaluate the following integrals.
a) f ]11(1 - \/5) dz. [3 marks]
cos®z +2cot z
(b) f - dr. [3 marks]
(0) / (a®+ 4z + 3)32 da. [3 marks|

S |
5. Test / ~————— da for convergence and evaluate it if it is convergent.  [5 marks]
1 (2% + 4)
6. Consider the curve C parametrized by z = £ In(1 —#?) and y = arccost for 0 <t <
3/4.

(a) Find the length of C. [3 marks]

(b) Find an equation of the tangent line at the point corresponding to t = 1/+/2.
[2/marks]

7. Find the centroid. of the region bounded by the curves y = sec*z, y = 0, z = 0 and
T =m/4. [5 marks]

8. Find the area inside the polar curve » = 1—cos § and outside the polar curve » = cos 6.
[5 marks]
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ANSWERS

1. (a)
(b)

(b)

f'(x) =922 + 2272 > 0 for x > 0. So f is increasing, and consequently one-to-one
on (0, 00).

f(z) - —o0 as z — 0, and f(x) — 0o as & — oo. Since f is continuous on its
domain (0, 00), this implies that its range is (—o0, 00).

The domain of f is the range of f~!, and vice versa.

Thus the domain of f~!is (—o0, 00) and the range of f~! is (0,00).

When z =1, f(z) =0. So f~1(0) =1, and

0 = X : !

FOUEH0) ) 912 +2(1)72 11

The exponent is defined if and only if 2z +1 > 0, i.e. z > —1/2. Additionally one
needs 1—z >0, 1—z = 0and In(2x+1) > 0, or, 1 —x # 0 and In(2z+1) = r where
r is a rational number with odd denominator, i.e. x <1,z =1, 0or z = (e" — 1)/2
with r as stated.

Answer: (—1/2,1]U{(e" —1)/2: r is a rational number with odd denominator}.
Use logarithmic differentiation.

In[f(x)] =In(2z+ 1) In(1 — x)

_
Py 2
f(m)_2x+lln(1 x) 1—x1(2 +1)
.
PO
i) = n(1/2) =212 = =31n2
_—

f/(1/2) = =3(In2) f(1/2) = —3(In2)(1/2)"? = —3(In2)2~ "2,

3. The question is equivalent to finding the value of a > 0 for which

or

T—00 axr —

lim xln(ax_‘_i) =In9=2In3

In (24) In (25 In(2=2)
2In3d = lim ———= = lim ———* = lim ———~
T—00 =1 T—00 ! z—0t z
—  lim In(a + 2z) — In(a — z)
z—0t 4

Since the last limit is of the indeterminate type 0/0, the question can be further reduced
by L’Hospital’s Rule to finding a > 0 for which

d 1 1
2In3 = lim 9 [ln(a+zc)l_ tnfa — 2)] = lim oz ta ———
z—07t 7 2—0+ 1 a

Answer: a =1/1In3.



4. (a) Substitute t =1+ /2. So z = (t — 1)? and dx = 2(t — 1) dt. This gives
/ln(l + V) do = /2(t —1)Intdt.
Integrate by parts with v = Int and dv = 2(t — 1)dt. So du = (1/t)dt and
v = t?> — 2t. This gives
/1n(1 + V) do
22
= (t2—2t)lnt—/t tdt:t(t—Q)lnt—/(t—2)dt
= t(t—2)lnt— ¥ +2t4+C
= (1+vz) (Ve- 1)1+ va) - 1+ va) +2(1+vz) +C
Redefining the constant of integration, the answer simplifies to
/1n(1+ﬁ) de=(z—1)In(1+z) — 2+ Vz +C.
(b) cos® x + 2 cot x cosz  2cosz
— w2, dr = — 3 | dz
sin® x sinx  sin’z
1—sin?z 2
= 9 —— | coszdx
sin” x sin®
1 2
:/<‘2 1+.3>cosxd:v
sin” sin”
1
= —— —sinz — +C
sinz sin?
= —sinz —cscx —csc?x + C.
(c) Completing the square, 22 + 4z + 3 = (z + 2)? — 1. This suggests substituting
x+2=-sech. So (x4 4z + 3)/? = tan and dx = tanfsecd df. This gives
tan @ sec cos 1
2 —3/2 _ —
4z 43 dr = ———df = = C
/(a: +dz+3) v / tan3 0 /sin20 sinz *
secf
tangrC (x4 2)(x* + 4z + 3) +C
5. Consider
b 1 [t/ x 1 1 !
— dz = - [ [~- de = |lnz — -1 4
/1x(a:2+4) v 4/1 (a: x2+4> v 4[1135 2n(ac+)]1

1
8

i

1 8
g[21nt—1n(752+4)—21nl+1n5} <

0
1+ 42

5t2
t24+4

)

1 5
— —In( - as t — oo.

Hence the integral is convergent, and its value is (In5)/8.



(a) dr t dy 1
a - ioe

dz\? dy 2 12 1 1
dt dt (1—12)2 " 1—¢2  (1—1t2)2

So the length is
3/4 2 2 3/4 1
[VEY @ = [
0 dt dt o 1—t
13 1
= = — 4+ —— | dt
2/0 <1+t+1—t>

= Ln(1+4+#)—In(1— 83"

- ; (In(7/4) —In(1/4)] = 2 In7.

(b) The point (x1,y1) on the curve corresponding to ¢t = 1/4/2 is given by
r1=13In(1/2) = —3In2 and y = arccos(1/v/2) = m /4.
The slope of the tangent line at any point is

dy dy/dt V1 —t2

dr  dx/dt

So at (z1,y1) the slope is
V1-(1/v2)?
m=Y— T
1/v/2

Using the formula y — y; = m(x — x1), this gives an equation of the tangent line:

y—n/4d=x+(In2)/2 or y=z+(r+2In2)/4.

Y y = sec’x
2
1
x=m/4
z=0



The area A of the region is
w/4
A—/ sec? z dx = tanx\gM:l.
0

The coordinates (Z,y) of the centroid are given by

1 /7‘(/4 ) 1 w/4 A
=— rsec*zdr and Y= — sec” x dx.
A Jy 24 J,

Kl

To find Z, integrate by parts with « = x and dv = sec? x dz. So du = dx and v = tan .
This gives

/4 ™ ™ 1
T = xtana:ﬂ/4—/ tan:):dx——i—lncosm|7r/4—+ln<>
lo 0 4 0 4 V2
= (m—2In2)/4.
1 [/ 1 1 T
y= 2/0 (1+tan2x)sec2xd$: B (tanx+3tan3x) . =3

8. The curves are sketched below.

Yy .
S0=m/3
r=1-—cosf 1 :
r = cos 6
=9 R 1 =
9 =-7/3

The curves intersect when 1 — cos@ = cos) = cos = 1/2 = 0 = +x /3. The sketch
shows that the area is

T 1 9 /2 1
2 / — (1 —cosb) d9—/ —cos? 0 df
w/3 2 /3 2

= / (12(:os¢9)d9+/ cos® 0 df

/3 w/2

1 s
= (9—2sin9)|z/3+/ (14 cos26) do
2 /2
27 1 1 .
= 3+\/§+2<9+251n20)

™

27 T 117
== UL IVE
3+\/§+4 T +3

w/2
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